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論文内容の要旨  
Summary of thesis contents 

 
We study a linear sigma model (LSM) with broken axial U(1) (UA(1)) symmetry as an effective 

theory describing the chiral phase transition of Quantum Chromo-Dynamics (QCD) at vanishing 

density. This system is an extreme case of real QCD with massive quarks. Deep understanding of 

this system is therefore of basic importance towards clarification of the phase diagram of real 

QCD in terms of many parameters, e.g. chemical potential, quark masses, and so on. 

Despite a number of analytical and numerical studies, the nature of the chiral phase transition 

is not yet clear: even the order of chiral phase transition has not been determined. In 1983, 

Pisarski and Wilczek studied a renormalization group (RG) flow of the LSM with arbitrary 

number of flavors of massless quarks in the εexpansion. They showed that fate of this flow 

depends on the presence of axial UA(1) symmetry at the critical temperature Tc. 

When UA(1) symmetry is largely broken, this model is reduced into O(4) LSM. It is well 

established by many analytical and numerical studies that O(4) LSM has an infrared fixed point 

(IRFP), or the Wilson-Fisher fixed point. On the other hand, when UA(1) symmetry is effectively 

restored at Tc, the model is reduced into the U(2)xU(2) LSM. Presence of an IRFP in the 

U(2)xU(2) LSM is still under debate. The UA(1) broken model with finite UA(1) symmetry 

breaking bears more practical importance. The Lagrangian of this model is constructed by the 

U(2)xU(2) symmetric terms of the U(2)xU(2) LSM, and the UA(1) breaking terms. This model 

contains eight degenerate   real scalar fields, which are massless at Tc. Half of them become 

massive with UA(1) breaking. Thus there are four massless and four massive fields. 

An interesting issue on this UA(1) broken model is that different theoretical approaches lead to 

conflicting predictions about the existence of IRFP. Based on the   functional RG, it has been 

shown that there is no IR stable fixed point in this model unless the limit of infinitely large 

UA(1) breaking is taken. In this point of view, the phase transition of this model should not be 

second order: it should be first order phase transition. On the other hand, since the typical mass 

scale of second order phase transition is zero, we may consider that all the finite quark masses 

are   infinitely large compared to the scale of second order phase transition. Based on this 

approximation, all the massive fields decouple from the IR physics. The model is reduced into 

the O(4) LSM, and ends up to be second order. 

In this study, we investigate the RG flow of this system in the εexpansion in order to clarify 

the nature of the phase transition with massive fields. To trace the effect of the mass accurately, 

we take a mass-dependent scheme in this analysis. The consistency with other scheme (the MS 

scheme) is checked through a detailed comparison of four point correlation function. From the 

beta functions calculated in the leading order of the εexpansion, we find the attractive basin 

flowing into the O(4) IRFP in a space of the initial parameters of the RG flow. 

We discuss the decoupling of the massive fields and the order of the phase transition in the 

UA(1) broken model by a detailed investigation of correlation functions. These functions indeed 
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converges to those in the O(4) LSM, and therefore we conclude that the UA(1) broken model ends 

up with second order chiral phase transition. 

Finally, we calculate the critical exponents in the UA(1) broken model and the O(4) LSM to 

compare the detail of critical phenomena in these models. We note that there is a discrepancy in 

the exponent characterizing the sub-leading behavior of the critical phenomena between these 

models, even though parameters of the UA(1) broken model are located in the O(4) attractive 

basin. This suggests that the IR nature is affected by the existence of fields with small but 

non-zero masses. 


