
Abstract 
 
In the real world of quarks and gluons described by quantum chromodynamics (QCD), 
quark mass is finite and space-time volume is infinite. But one can consider a system in 
which massless limit is taken and the length of space-time is large enough but finite. 
This parameter region is the so-called ε-regime. In the ε-regime, as well as in the 
infinite volume limit, the effective theory is constructed based on the symmetry of QCD 
and thus on the low energy theorem, but the qualitative behavior could be greatly 
different. The difference of these two system is related to the spontaneous breaking of 
the chiral symmetry. In the infinite volume, one vacuum is chosen among the degenerate 
vacua which is connected with each other by chiral symmetry, but in the ε-regime, the 
vacuum becomes a superposition of degenerated vacua, and the order parameter of the 
chiral symmetry breaking, the chiral condensate, vanishes.  
 Though the physical picture of the ε-regime and real world with the finite quark 
mass in the infinite volume differs so much, one can extract the information of QCD in 
the real world by doing the numerical simulat ions in the ε -regime, because the 
effective theory of both system is the chiral perturbation theory and the bare parameters 
are the same. One of the advantages of the ε-regime is that the chiral perturbation 
theory is safely applicable because of the smallness of quark masses, though numerical 
simulations out of the ε-regime need extrapolation from heavier quark masses, and it  
might be affected by the contribution of higher order terms of chiral perturbation theory. 
 Moreover, QCD in the ε-regime and the chiral random matrix theory can be 
related by the universality, so the ε-regime is also interesting as a theoretical subject.  
 In this thesis, I studied the ε-regime by numerical calculat ions of lattice QCD. 
When the ε-regime is examined by the simulat ion of lattice QCD, the points to be 
considered are that quarks in this system are very light and that the expectation values of 
operators depend strongly on the topological charge, because, when the quark mass is 
very small, fermion  determinant is sensitive to the distribut ion of low-lying 
eigenvalues rather than the collective effects of higher eigenvalues. Considering these 
two factors, tiny quark masses and the dependence of topology, one must use a lattice 
Dirac operator which satisfies the chiral symmetry on the lattice, Ginsparg-Wilson 
relat ion (GWR), with high accuracy.  
 GWR is realized by the overlap-Dirac operator, and I used this operator in this 
thesis. The effects of the quark loops become very important here but, when the quarks 
are very light, the computational methods of lattice QCD that take the effects of the 
quark loops into account have not been established yet. Moreover, as the compensation 
for the chiral symmetry, the numerical costs for one multiplication of the Dirac operator 
that satisfies GWR is about one hundred times larger than that of Wilson Dirac operator. 
Therefore it is difficult to do the dynamical simulation with commonly used hybrid 
Monte Carlo method in the ε-regime. Then, we employed the approximation method 



that includes the effects of fermion determinant by the products of low-lying 
eigenvalues of the overlap-Dirac operator.  
 Here, I calculated quantit ies that are derived from the mass dependence of the 
partit ion function. They are (1) the distribution of the lowest eigenvalue, (2) the mass 
dependence of the ratio of the partit ion function between topological sectors, (3) the 
topological susceptibility, (4) the coefficient of the quark masses in the partition 
funct ion of a definite topological sector.  
 The analytical form is given by the chiral perturbation theory for these quantities, 
and the results of numerical calculations are in good agreement with the expected 
behavior despite the fact that we calculated only 0.1 percent of the total eigenvalues of 
the overlap-Dirac operator. Because the same parameter of the chiral perturbation 
theory can be extracted from the fitting of each quantity, one can check the consistency 
between these quantit ies. While the difference in the extracted parameters was not seen 
for the two-flavor simulat ions, the difference was seen for the one-flavor simulations. 
The reason might be that chiral symmetry is broken by anomaly and the Goldstone boson 
does not exist for one-flavor. However there is a room for discussion about legitimacy of 
the details of the method we used here. As a non-trivial discovery, we found that the 
quantit ies (4) contain ultraviolet divergence but they are canceled by taking the 
difference between topological sectors. This cancellat ion can be explained 
nonperturbatively using the finiteness of the topological susceptibility. The problem in 
this approximation method concerning the sampling is also discussed.  
 


